State-space equations were applied to formulate the queuing and delay of traffic at a single intersection in this paper. The signal control of a single intersection was then modeled as a discrete-time optimal control problem, with consideration of the constraints of stream conflicts, saturation flow rate, minimum green time, and maximum green time. The problem cannot be solved directly due to the nonlinear constraints.
Introduction
Traffic signal control has been one of the most active research areas in intelligent transportation systems (ITS), because such control directly affects the efficiency of urban transportation systems. For years many investigators have conducted research into optimal signal control algorithms. Webster [1] gave equations for the optimal cycle length and the green phase time assignment, which are the basis of fixed-time control which has been widely used. Akcelik [2, 3] 
modified
Webster's theory for the over-saturated scenario in a new signal timing algorithm called ARRB. These methods perform well with low calculational costs when traffic conditions are consistent with historical records, but cannot respond to real-time variations. With the development of a variety of inexpensive sensors and computer and communication technologies, many advanced methods have been developed to adjust signal timings according to real-time traffic data. For instance, vehicle actuated control, which extends green signals according to the detected headway in real time, is one such method. A number of adaptive traffic control systems have been deployed all over the world, such as SCOOT [4] , SCATS [5] , OPAC [6] , and RHO-DES [7] . In recent years, artificial intelligence techniques have been introduced into signal control using fuzzy logic controllers [8] and genetic algorithms (GA) [9] . These systems have various properties and varying effectiveness in field applications.
Transportation systems are complex dynamic systems that are hard to be modeled exactly. For this reason, many current methods do not have good theoretical bases. However, without a model description, the inner properties of the transportation system cannot be identified to evaluate existing algorithms and to recognize potential problems and improve them. Sen and Head [10] proposed a general formulation to model signal controls as discrete-time optimal control problems. They also pointed out that the problem can, in principle, be solved using the dynamic programming (DP) method when the performance index is separable in the DP sense, and that this solution is not virtually feasible To whom correspondence should be addressed.
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Tel: 86- due to "the curse of dimensionality". In this paper, state-space equations are used to formulate the signal control problem for a single intersection in a simplified mathematical model, which can lead to better signal control algorithms.
1 State-Space Equations
Equations
The queue length is an important variable that describes the traffic state of an intersection. The queue evolves as ( ) ( ) ( ) ( ) ( ) Equations (1) and (2) are the state-space equations describing the dynamic evolution of the traffic state at a single intersection.
The delay and the number of stops are popular performance indices for signal controls. The delay is used here as the performance index. Therefore, the optimization objective is
To facilitate the formulation, the state-space equations and the optimization objective can be rewritten in matrix form as
where
are the state variables and
ables. The various coefficient matrices and vectors are:
Constraints
In every time interval, ( ) 
in the set in Eq. (7) to attain the optimization objective in Eq. (5), subject to the constraints in Eqs. (6), (8), and (9). This is a discrete-time optimal control problem with nonlinear constraints. The problem cannot be solved directly due to the nonlinearities in the constraints in Eqs. (6), (8) , and (9). In addition, the dynamic programming method cannot be used here because the safety constraints in Eqs. (8) and (9) make the controls in different time intervals depend on each other.
First-Phase Algorithm
Although the optimal control problem stated in Section 1.3 cannot be solved directly, some useful results can be obtained from the formulation which can be used to design a new signal control algorithm.
Analysis of the state-space equations
Substituting Eq. (4) into Eq. (5) and expanding yield ( ) ( 
The coefficient in Eq. (11), 1 ,
linearly as n increases and reaches a maximum when 1 n N = − , which corresponds to the first time interval.
Therefore, the delay contribution of the signal control in every time interval increases linearly as the time index of the control decreases. The earliest control incurs the biggest delay component. In signal settings, the same control should be maintained in several consecutive time intervals to produce a phase, due to the minimum phase time constraint. The setting of the first phase is very important because its impact on the total delay increases gradually as time passes. This leads to the concept of the first-phase algorithm.
Formulation
The algorithm seeks to predict vehicle arrivals and calculate the total delay resulting from the various phase sequences and timings based on the state-space equation model with consideration of the minimum phase time constraint to determine the first phase of the phase sequence with the minimum total delay.
The algorithm includes a signal phase and timing module and a real-time signal monitoring module.
The signal phase and timing module generates phases and the corresponding timings based on the queue lengths detection and the vehicle arrivals prediction. Sensors (for example, video-based sensors) need to be installed upstream of the controlled intersection and at the stoplines to obtain the real-time traffic demand. Queue lengths are obtained from data collected at the stoplines. The flow profile at the intersection is predicted based on the data obtained upstream of the intersection according to [11] ( ) ( ) ( ) ( ) up 1 1
f n is the predicted flow rate of the -th i stream at the intersection in the -th n time interval, up ( ) i f n is the flow rate of the i-th stream upstream of the intersection in the -th n time interval, t is 80% of the average travel time between the two detection sites in a time interval, and F is a factor that indicates the dissipation of the moving traffic, which is usually approximated as ( )
where α is a constant parameter normally around 0.5.
Vehicle arrival q i (n) can then be calculated readily by multiplying f i (n) by T. With the predicted vehicle arrivals, taking 5 T = as the discretized time interval and considering the minimum phase time, the total delay resulting from all possible phase sequences in 60 s ( 12 N = ) can be calculated from Eqs. (4) and (5). When the current phase needs to be terminated, the next phase and its duration are set by the first phase that results in the minimum total delay. Once a new phase starts, the signal phase and timing module will not calculate the next control until the current phase time is over or the real-time signal monitoring module requests termination of the current phase.
The phase is not calculated based on Eq. (7) for two main reasons. One reason is that the analysis of all possible phases costs too much computationally and hence cannot be done in real time. The other reason is that phases cannot just be completely randomly switched because of the drivers' habits. Therefore, the feasible phases in the algorithm are chosen from a subset of Eq. (7) according to the actual traffic flow in the intersection.
The real-time signal monitoring module can adjust the signals when the timing is obviously inconsistent with the traffic demand. For instance, this module will request the first module to re-calculate the phase and its timing when the green signal is not terminated when there are no more vehicles going through the intersection or when inaccurate flow predictions result in an excessive number of vehicles that cannot be served in the current phase time.
The first module is based on predictions while the second is based on real-time data, so they complement each other. The method not only considers the predictability of the traffic stream in a period, but also can respond to random incidents. The algorithm flow chart is shown in Fig. 1 . 
Simulation Results
The algorithm was tested using an intersection simulation program on Matlab6.5. In the simulation, the vehicle movement is based on a psycho-physical model and a car following model. Right-turn vehicles and pedestrians are not simulated. Each arm of the intersection has a single lane for left-turn vehicles and for through vehicles. The program calculates and displays the total delay in real time.
The input traffic data used in the simulation is from a video of Zhongguancun Street, Haidian District, Beijing. The first-phase algorithm was compared with fixed-time control in the simulation.
The fixed-time control was optimized according to Webster's equations. The phases were: east-west bidirectional through movements, east-west bidirectional left-turn movements, north-south bidirectional through movements, and north-south bidirectional left-turn movements.
The first-phase algorithm used five phases with variable lengths, east-west bidirectional through movements, east to west through and left-turn movements, west to east through and left-turn movements, north-south bidirectional through movements, and north-south bidirectional left-turn movements.
The results are compared in Fig. 2 . 
Conclusions
The state-space equations were used to formulate the signal control as a discrete-time optimal control problem for a single intersection, with the queue lengths and the delay as the state variables. The problem cannot be solved directly due to the nonlinear constraints and the dynamic programming method is not feasible either. However, the analysis of the state-space equations indicates the importance of the first phase in a control period, so a first-phase algorithm was developed. The algorithm was tested using an intersection simulation program on Matlab6.5. Simulation results
show that the algorithm reduces the total delay by up to 40% compared to fixed-time control. The investigation into heuristic methods of solving the developed optimal control problem based on the state-space equations should be done in the future.
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